Abstract: This paper summarizes recent efforts toward development of locally resonant metamaterial structures for seismic isolation purposes. The metamaterial structure forms a blind zone in the frequency domain, inhibiting the propagation of waves characterised by frequencies lying within this range. The feasibility of fashioning such systems in the [0.5, 5] Hz frequency band, linked to earthquake induced response, is here explored. An analytical and numerical investigation is undertaken relying on Bloch's theory and classical vibration analysis. The analysed case-studies pertain to both one-dimensional and two-dimensional mass-in-mass lattice systems investigated for overlapping sub-bands. On the basis of the offered analysis, a basic unit cell design is proposed, and a parametric study is carried out revealing the critical influence of the external-to-internal stiffness ratios adopted for the unit cell design. A further discussion is offered with respect to limitations and extensions of the proposed designs.
Introduction
Earthquakes form relatively rare events with, however, likely devastating consequences for built infrastructure and potential occurrence of human toll (Stein and Wysession, 2009 ). The uncertain nature of these events renders their effective mitigation a non-trivial task. In addressing this issue, isolation systems have been developed and applied for protecting structural systems, by permitting relative motion with respect to the base (Mao and Li, 2005; Ordonez et al., 2003; Kelly, 1990) . Nonetheless, the design of these systems is not straightforward, and a number of bottlenecks have been identified and reported (Providakis, 2009 ) including reduced resistance to vertical deformation, and large horizontal displacements, which call for additional damping elements, with increased costs and no guarantee of adequacy. In very recent years, an alternative approach has emerged, relying on exploitation of the properties of metamaterials (Bao et al., 2012; Brûlé et al., 2013; Dertimanis et al., 2016) .
First, it is meaningful to elaborate on the nature of metamaterials, which effectively comprise a special class of structured (periodic) materials characterised by a dynamic filtering effect when placed along the path of propagating waves; when the frequency of the incoming waves falls into their 'blind' zone, their propagation is arrested, thus forming a band-gap. This idea has been exploited for diverse types of waves such as ultrasound, acoustic, elastic, and even electromagnetic and thermal, resulting in structures known as phononic or acoustic metamaterials (Hussein et al., 2014) .
As reported in Brûlé et al. (2013) , Yablonovitch (1987) and John (1987) exploited the idea of periodic structures, the so-called phononic crystals, forming band-gaps for light. Since then, numerous developments have been reported both for phononic crystals (Sigalas and Economou, 1992; Kushwaha et al., 1993; Vasseur et al., 1994) , as well as their equivalents in the acoustic domain, i.e., acoustic metamaterials (Liu et al., 2000; Fang et al., 2006; Christensen et al., 2012; Craster and Guenneau, 2013; Moleron and Daraio, 2015; Moleron et al., 2006) . Of particular interest are composite materials comprising locally resonant microstructures, periodically placed in the substrate (Lu et al., 2009; Sheng et al., 2003; Liu et al., 2005; Sheng et al., 2007) . The resulting interlaced structure forms a phononic lattice generating a stop-band, which prohibits the propagation of elastic waves within the band-gap frequency range (Lazarov and Jensen, 2007) . Liu et al. (2000) employed hard spheres coated with a soft cladding and dispersed in a stiff host medium for developing three dimensional sonic crystals, exhibiting spectral gaps with lattice constants two orders of magnitude lower than the relevant sonic wavelengths (Hirsekorn et al., 2004) . Motivated from the concept of localised resonant structures for elastic wave propagation, the concept of invisibility via so-called acoustic cloaks has emerged, for protecting an object from long wavelength acoustic waves (Milton et al., 2006; Brun et al., 2009 ). An innovative strategy, based on the concept of metamaterial cloaks, is described by Colquitt et al. (2014) , where a structural plate is designed, acting as a broadband cloak for flexural waves. The shielding capabilities of the plate are attributed to its inhomogeneous, orthotropic flexural stiffness and to an inplane prestress distribution.
The potential to exploit this concept for mitigating seismic waves naturally arises. It should be noted, that independently to the advances in optical and acoustic implementations, the idea of benefiting from periodicity for the screening of waves within soil dates as far back as 1974 and the work of Woods et al. (1974) . However, it has only recently been coupled with the concept of metamaterials, for exploiting the extraordinary wave conditioning properties of these periodic materials. A key challenge in materialising such solutions for mitigating earthquake-induced vibration lies in furnishing band-gaps lying in the low frequency range, which is characteristic of seismic excitation, i.e., the [0.5, 5] Hz frequency band. Cheng et al. (2013a) report a highly promising attempt toward such a goal, designing periodic composites of concrete and rubber, which are able to deliver complete band-gaps in the [5.9, 8.5] Hz and [14.4, 20 .33] Hz range, albeit still above the target range for seismic vibration mitigation of typical structural systems.
In further related studies within the context of structural and earthquake engineering, Cheng et al. (2013b) and Cheng and Shi (2014) investigate the vibration attenuation capabilities of a two dimensional periodic panel of concrete and rubber elements. Bao et al. (2012) propose a layered periodic foundation materialised via mass-in-mass unit cells, and demonstrate superior performance with respect to conventional bearing solutions. Shi et al. (2014) propose a periodic foundation made up of concrete layers intermixed with rubber blocks, resulting in band gaps as low as 2.5 Hz, with the outcomes experimentally supported in Yan et al. (2014) and Xiang et al. (2012) . Finocchio et al. (2014) follow a different approach via composition of a seismic metamaterial from isochronous spherical oscillators rolling over a cycloidal trajectory. Shi (2013a, 2013b) integrate the periodic theory in the design of two-dimensional (2D) pile barriers and succeed in filtering out plane waves. Kim and Das (2012) use a barrier, comprising numerous local resonators, to form a seismic attenuator circumscribing the system to be protected. Brûlé et al. (2013) propose a seismic metamaterial constituted of a mesh of vertical empty inclusions bored in the initial soil. They further report experimental results of a seismic test carried out using waves generated by a monochromatic vibrocompaction probe. However, it must be noted that the frequency of the vibrating source employed in the experiments is 50 Hz, quite distant from the actual spectral content of earthquake-induced structural response. It is further worth noting that Krödel et al. (2015) investigate construction of barriers relying on use of resonators featuring distributed resonant frequencies, referred to as 'rainbow traps', which effectively split propagating waves into the spatial spectrum. This principle can be exploited for seismic waves, assuming that each separate frequency component of the wave excites a different spatial region of the barrier, enhancing efficiency over a broad frequency region.
The main challenge of lowering the band-gap in the range of the seismic input is still active however, both from a theoretical and a technological point of view. This study overviews outcomes of previous works of the authoring team Wagner et al., 2016) with the purpose of providing guidelines toward feasible designs, and in order to provide a critical discussion with respect to open-ended questions, and future directions. To this end: 1 we investigate requirements for seismic isolation in low frequency bands 2 we derive a conceptual design for a technologically feasible unit cell configuration in support of this pursuit 3 we offer a discussion on the inherent intricacies and the critical parameters that must be carefully considered prior to engaging in detailed analysis, including FE modelling, optimisation and testing of experimental prototypes.
This study aims at designing metamaterials exhibiting wide range band gaps, within the [0.5, 5.0] Hz frequency range, for earthquake hazard mitigation of civil engineering structures. To this end, a mass-in-mass unit-cell is proposed for constructing a barrier, shielding the structure from incident horizontal waves. For inferring the properties of the barrier itself, as well as the overall system response, a preliminary parametric analysis is performed using Bloch's theory on one-dimensional (1D) and 2D infinite lattices, and conventional vibration theory is further carried out on finite lattice systems. It should further be noted that the analysis is focused on the attenuation of surface seismic waves, as these often comprise the most important (and most destructive) component of ground shaking far from the earthquake source. A study on influential design parameters, such as the external-to-internal stiffness ratio and the adopted damping, reveals that the frequency limits of these bands are directly controlled, and may be therefore tuned, by appropriate selection of these structural parameters. The obtained results indicate that metamaterial-based seismic isolation is indeed feasible, motivating the design, testing and construction of physically realisable unit cells.
Fundamental concepts

The unit cell configuration
The approach followed by the authors relies on use of structured arrays of 'local resonator' piles for inhibiting earthquake propagation in the horizontal direction. Contrary to the traditional barriers, which are empty or filled with slurry and simply reflect the seismic energy, these piles will feature an internal configuration, which ensures energy dissipation. As discussed in the introductory section, and following the metamaterials concept, an intuitive realisation of such a design may be delivered via a simple 'mass-in-mass' lumped parameter system, though alternative cell configurations have also been proposed (Jensen, 2003; Hussein and Frazier, 2013) . Following this approach, Figure 1 illustrates the basic structural unit considered here, in both the one-dimensional (1D) and 2D case. This mass-in-mass cell may be assembled in an infinite chain or lattice, in one direction (1D case) for wave propagation along a single direction, or in two directions (2D case), for propagation in a plane. The unit cell consists of an external mass m 1 , an internal resonator m 2 and interconnecting massless springs. For the 1D case the external and internal resonator springs are denoted as k ex = k 1 and k int = k 2 , whereas for the 2D case, the notation k ex = k 1 = k 2 = k 3 = k 4 and k int = k 5 = k 6 is employed. Figure 1 
3 The infinite lattice model
The metamaterial structure calls for a periodic placement of the formerly described unit cells. Considering the unit cell configuration of Figure 1 , a metastructure may be formed via placement of the unit cells along a 1D or 2D chain-like structure, at equidistant intervals a, b in the horizontal and vertical direction (the latter applies only in 2D), respectively. During propagation of an elastic wave through a mechanical system, a direct relationship applies between the wave's temporal frequency f and its spatial frequency, or wavenumber γ. The formulation of metamaterials is driven by the observation that, for certain infinite periodic lattice systems, a range of frequencies which feature no corresponding wavenumber is found. These blind spots in the dispersion relation (γ vs. f plot) are deemed band-gaps, and waves comprising these frequencies do not propagate through the medium. The dispersion relation and, thus, the band-gap locations depend on the system parameters, as described via the mass (M), damping (C) and stiffness (K) matrices of the system ∈ ℜ n×n , which may be straightforwardly derived for the case of discrete (lumped mass) systems with n degrees of freedom (Chopra, 2007) . The governing equation of motion for such a system is generally of the form:
Vector u ∈ ℜ n contains the system's DOFs, and F ∈ ℜ n denotes the excitation vector. A harmonic excitation is assumed for the analysis, expressed as F = F 0 e iωt , where ω, F 0 denote the excitation frequency and amplitude respectively. As we are dealing with infinite lattice models, it follows that n → ∞. Bloch's theorem, as described in Huang et al. (2009), and Frazier (2013) for consideration of damping, may be adopted to solve equation (1). The theorem states that waves travelling in an infinite periodic medium will be of the form (Hussein and Frazier, 2013 
where i denotes the considered unit cell, B s is the wave amplitude along a certain DOF s, γ designates the wavenumber in the medium, and x i,s is the coordinate vector of the i th unit cell, and i is the imaginary unit. The complex frequency function λ allows for temporal propagation in the medium. Owing to the system's periodicity, it suffices to examine a single unit cell u j and its neighbouring cells (with associated DOFs denoted via sub-index R) to study wave propagation:
, where
T . It is assumed that no force is directly acting on the intermediate elements of the infinite lattice. u j,s denotes the j th unit cell's DOF s. Waves travelling through the infinite lattice system feature the same amplitude B s across unit cells, which may be aggregated in a vector B ∈ ℜ n . Plugging equation (2) into equation (3), and by taking periodicity into account, the following quadratic eigenvalue problem is obtained:
The resulting eigenvalues λ u are of the form:
on the basis of which the damped frequencies
The explicit expression for ω d,u as a function of the wavenumber γ allows plotting of the so-called dispersion relation.
Dispersion plots for the infinite lattice model
1D infinite chain
The adopted unit cell [ Figure 1 (a)] comprises two degrees of freedom, one per external and internal mass, with α = 1, 2, respectively. These two DOFs are collocated with coordinate x i,1 = x i,2 = α:
As aforementioned, due to periodicity it suffices to investigate the reduced subset R of the i th unit cell and its neighbouring cells i -1 th and i + 1 th . The system matrices of the undamped reduced system then become
As demonstrated in Dertimanis et al. (2016) , implementation of Bloch's wave form equation for the infinite lattice system in the undamped case, leads to the following characteristic equation
and γα designating the wavelength. Equation (8) yields solutions of the form
. This reveals two frequency branches ω u (γ), which correspond to two separate dispersion curves, namely the optical and acoustic curve. The acoustic branch corresponds to in-phase motion of the internal and external mass, while the optical branch corresponds to the out-of-phase mode. The relative configuration of these branches further defines a blind-zone in the frequency domain, or a so-called band-gap, which prohibits propagation of incoming waves of corresponding frequencies. The low frequency threshold of the gap is associated to the asymptotic behaviour of the acoustic mode, obtained for γα = π. The high frequency threshold of the gap is associated to the optical mode, obtained for γα = 0. It may be proven that, for the undamped case, the frequency band of the gap resides in the following interval (Finocchio et al., 2014; Huang et al., 2009) 
where f L and f H (Hz) denote the lower and upper frequency thresholds of the band, respectively. It is further interesting to observe that the former coincides with the frequency of the internal resonator. Given availability of the dispersion curves, the lower and upper thresholds may be derived, thereby prescribing a set of relationships on the characteristic quantities involved, on the basis of equation (10):
2D infinite lattice
For the 2D case an identical procedure may be followed, with 4 DOFs now attributed per unit cell [ Figure 1(b) ], since both a vertical and horizontal DOF per mass is considered. The assumed Bloch wave may be written as:
, ,2 4
As propagation now takes place along two dimensions, the wavevector
introduced. Exploiting periodicity, the reduced system of equations for the (i, j) th unit cell and the neighbouring DOFs is extracted: 
v -,+,1 }, where subscripts are abbreviated as u +,0,1 = u i+1,j,1 and so forth. This equation set once again results in an eigenvalue problem, whose frequencies may be determined as in the 1D case, now resulting in two acoustic and two optical branches. It is noted that the number of branches corresponds to the number of DOFs per unit cell, and lie in two major classes; one corresponding to the in-phase (acoustic) motion of the internal and external mass along a particular DOF, and one corresponding to the out-of-phase (optical) mode. For the 2D dispersion relation, index 1 is employed to denote the horizontal direction, and index 2 is employed for the vertical direction.
It is noted at this point that the wavenumber γ and the wavevector components γ x and γ y may generally assume any value. However, owing to the discrete periodicity the dispersion curves need not be plotted across the whole range. It is instead sufficient to plot wavenumbers lying within the irreducible first Brillouin zone (Cheng and Shi, 2013) , as performed in what follows.
The finite lattice model
While this initial analysis, which relied on the infinite lattice theory, is useful for drawing qualitative observations via the relevant analytical expressions, it is evident that a true design may not be described by an infinite lattice configuration. In reality, only a finite number of unit cells may be employed. Since our investigation is targeted to attenuation of seismic waves, a finite lattice design is assumed, which comprises a simplified approximation of a structure under seismic excitation. Once again, the problem is explored for two distinct analysis cases, namely the 1D and 2D regimes.
1D finite chain
As illustrated in Figure 2 , the seismic input is assumed to excite the left-most external mass of the metastructure barrier, during its propagation path, while a target structure is assumed located at the right-most end of the barrier. The objective of this investigation is to attenuate the response of this structure, which is assumed connected to the right-most external mass of the finite lattice chain, in terms of its resulting absolute acceleration.
Given a finite number N of unit cells, the governing equation of motion of this 2N-DOF system may be straightforwardly written as
where M, C and K ∈ ℜ n×n designate the mass, damping and stiffness matrices of the system, respectively, u(t) ∈ ℜ n is the vector of relative (to the base) displacements,
x t is the seismic acceleration and n = 2N are the total degrees-of-freedom. Under a harmonic excitation of the form e iωt , the structural response becomes u(t) = d(ω)e iωt . Substituting in equation (17) implies 
Accordingly, the corresponding absolute acceleration of the q th mass, ( ), q t x is derived by recalling that ( ) ( ) ( ),
The quantity within brackets becomes:
Thus, the absolute acceleration of the q th mass under a seismic acceleration excitation is given by
corresponds to the magnitude of the associated frequency response function (FRF).
2D finite lattice
As illustrated in Figure 3 , in the 2D case the system comprises 4NM DOFs, where N and M denote the number of unit cells adopted in the horizontal and vertical direction respectively. The ground excitation is applied on all units lying on the left and bottom border. This is performed differently to Huang and Shi (2013a) , where only one border is excited, while the other is assumed connected to viscous springs. A procedure that is analogous to what is described in the former section may be adopted for extraction of the corresponding FRFs.
Conceptual unit cell design
It is at this point reminded that the goal here lies in achieving a band-gap in the [0.5, 5.0] Hz range. Relying on the undamped infinite lattice analysis, and since f L , f H are predefined, we may already propose a set of structural parameters complying with the specifications of the infinite lattice model as described in Section 4. These are summarised in Table 1 for the case of a full band-gap of [0.5, 5.0] Hz, as well as for three reduced and overlapping sub-bands within that range. The table indicates that a full band-gap effectively necessitates an internal mass which is two orders of magnitude heavier than the external mass. This requirement would likely result in unrealistic designs, therefore in the analysis that follows the three proposed overlapping sub-bands of Table 1 are adopted. This is further performed, since beyond the requirements of Bloch' theory, which impose a limitation for a uniform unit-cells, it is demonstrated in Krödel et al. (2015) how, in practice, varying cell properties ensure an overall attenuation over a broader band.
It is interesting to note that equation (10) implies no influence of the external stiffness k 1 on the resulting frequency band, which however is not accurate. This is due to the fact that the full solution of the lower f L and upper f H eigenvalue thresholds are more accurately written as ( ) which is identical to equation (10) for f H . The lower band gap on the other hand can be obtained by examining the acoustic branch with a maximum wavenumber in the 1st Brillouin zone of : Equation (25) reveals that the external stiffness k ex = k 1 does affect the band gap location. This parameter bears a notable effect on the overall shape of the dispersion curves, with particular influence on the optical mode. Figure 4 illustrates this effect on the obtained (undamped) dispersion curves for the three sub-bands considered and for two separate stiffness ratios, k 1 / k 2 = 1, 1,000. While the frequency gap and the acoustic mode, as specified at γ = 0 remain unaffected, the optical curve reveals a sharp increase at higher wavelengths, which bears certain implications to the behaviour of the associated finite lattice systems, as described next. Given the preceding dispersion analysis, it is possible to derive a fundamental conceptual design for earthquake mitigation, in the form of a 1D earthquake-proof seismic barrier. In this respect, and in addition to the required properties of the frequency band gap, a compact, lightweight and easily deployable unit cell should be conceived. Figure 5 displays the general framework: N floating unit cells are embedded into the ground, for attenuation of the seismic wave propagation. As observed in Figure 5 , it is evident that the proposed configuration is intended for handling surface waves (e.g., Rayleigh and Love waves) (Datta, 2010) . Owing to a combination of low frequency content, high amplitude and large duration [Bolt, (2001) , p.19], surface waves are primarily contributing to damage and form the main target of seismic isolation systems. This applies particularly to geological basins of high seismicity, in which many dense urban areas around the globe have been built [Anderson, (2013) In materialising the envisioned design, the unit cell configuration illustrated in Figure 6 is proposed. In line with its mass-in-mass mechanical equivalents depicted in Figure 1 , this unit cell incorporates a core of dense mass, which is suspended to the thin shell of an external element (which need not necessarily be rectangular) using properly stressed and geometrically distributed tendons. The latter may comprise some type of elastomeric material (e.g., silicon rubber), which can be reinforced depending on stiffness requirements. It is noted that similar patterns have been recently proposed (Cheng et al., 2013a) , however, they do not manage to produce band gaps at frequencies lower than 5.9 Hz, although they represent a significant achievement for low-frequency isolation. The external stiffness is again provided by an elastomeric material in a similar configuration that further serves as a supporting and interconnecting element among the external masses.
Dimensioning of the 1D chain
In order to quantify the parameters of the unit cell, a simple and straightforward procedure may be followed, as further elaborated upon in Dertimanis et al. (2016) . The limits of the frequency band, f L and f H , as well as space (e.g., the length L of the unit cell) and material availability constraints form the inputs to this iterative design procedure, while the outputs consist of the structural, physical and geometrical dimensions of the design components depicted in Figure 6 . Lightweight concrete is adopted as the material of the outer mass, steel is selected for the inner core, while the tendons are made up of silicon rubber. Since this procedure relies exclusively on Bloch's theory, the required number N of unit cells is not investigated in this step. For a precise dimensioning of the system illustrated in Figure 6 , the interested reader is referred to Table 2 of the previous work of Dertimaniset al. (2016) . However, for the analysis and discussion offered here, the equivalent propertied listed in Table 2 are adopted as a feasible set of design data for the three sub-bands of Table 1 . 
Dimensioning of the 2D lattice
For the 2D case, the parameters are given in Table 3 . They are essentially obtained from the corresponding 1D values assuming uniform external (k ex ) and internal stiffness (k int ). For a visualisation of the system's characteristic parameters, the reader is referred to Figure 1 . 
7 Results: dispersion plots of the infinite lattice models
1D infinite chain
Following the dispersion analysis procedure of Section 4.1, Figure 7 verifies occurrence of the band-gaps in the predicted locations when adopting the 1D design parameters summarised in Table 2 . Linking to the discussion offered in Section 6 concerning the influence of the external stiffness k ex = k 1 , it is noted that k ex / k int / > 1 should hold in order to ensure applicability of equation (10).
2D infinite lattice
Following the dispersion analysis procedure of Section 4.2, Figure 8 confirms that the 1D analysis observation is in fact extendable to the 2D case. It is interesting to extend the discussion of Section 6, regarding the influence of k ex , to the 2D case. The upper band-gap threshold f H is found at point Γ of the plot, where γ x = γ y = 0 on optical branch 1 or 2. When solving the 2D eigenvalue problem the same relation as for the 1D case is obtained [equation (24)] for f H :
The lower threshold lies at point X of the plot, where ,
Solution of the eigenvalue problem yields, which is again a function of the external stiffness k ex . In order to illustrate this influence, Figure 9 summarises the 1D and 2D dispersion relations using the 1st-band gap properties for varying k ex / k int ratios. The figure reveals that a decrease of the stiffness ratio significantly lowers the lower band-gap threshold f L .
Results: FRFs of the finite lattice models
The pattern of the delivered band-gaps is now examined for a finite lattice system, by means of a frequency domain analysis. The results are obtained by subjecting the model to a range of excitation frequencies and directions, with the latter applying only for the 2D case.
1D finite chain
The finite lattice model of Figure 2 is now revisited. The DOF of interest is u N,1 , i.e., the displacement response of the system to be protected, located on the far-most (rightmost) end with respect to the excitation source. The spatial mitigation effect is examined by plotting the displacement and acceleration FRF values of the right-most external mass in Figure 10 . A first observation derived from the figure pertains to the differentiation in the FRF plots of displacement and acceleration; in the former case the amplitude of the FRF exhibits an asymptotic behaviour near the upper frequency threshold, whereas for the acceleration FRF the asymptotic behaviour occurs in the lower threshold of the band-gap. The effective behaviour of the band gap, resulting in mitigation of the input excitation, is reflected by the negative amplitude values assumed by the FRFs within the band-gap. Furthermore, the effect of increasing the number of unit cells N becomes clear. The absolute acceleration, the defining value in seismic engineering eventually acting on the structure, is steadily decreasing with an increasing number of unit cells. This property is further investigated by plotting the absolute acceleration FRF amplitude for every DOF in Figure 11 , which permits visualisation of the spatial mitigation effect. .
2D finite lattice
In reporting the results of the 2D case, the considered analysis parameters are now reduced to the 1st band gap (Table 3 ). An important differentiation between the 1D and 2D analysis cases lies in the possibility to account for different incident angles of the seismic input with respect to the unit cell assembly. Two different incident angles are reported here, namely u = {22.5°, 45°} (see Figure 12 ). The DOFs of interest are again determined as those of the mass located at the far-most end with respect to the excitation source, i.e., u N,M,1 and v N,M,1 . As observed via the FRF plots of Figure 13 , the attained behaviour within the band-gap results similar to the 1D case, with differences in response amplitude attributed to the increased external spring stiffness. Notes: The number of unit cells is schematic. The arrow length corresponds to the applied acceleration amplitude.
The influence of damping on the frequency domain response
Caughey damping is now included in order to more realistically model energy dissipation in actual unit cells. The parametric study is limited to typical damping ratios 0 ≤ ζ i ≤ 0.1. Based on the frequency domain response of the far-most external mass, illustrated in Figures 15 and 16 for the 1D and 2D system, respectively, it may be deduced that damping reduces the occurrence of FRF peaks outside the band-gap. As expected, damping brings forth an overall beneficial effect, in that the peak accelerations and displacements are reduced or entirely removed. It should however be noted that a shortcoming of high damping ratios pertains to the slight increase of the response within band-gaps. Nonetheless, mitigation of the seismic ground motion is still accomplished within the band-gaps, as reflected by the observed negative amplitudes. 
Influence of the external stiffness on the FRFs
The observed influence of the external stiffness previously reported within an infinite lattice analysis perspective, is now investigated for the frequency domain response of the finite lattice system. To this end, an incident angle of α u = 22.5° is adopted. The frequency domain response of the far-most external mass is illustrated in Figures 17 and 18 , for the 1D and 2D case, respectively, confirming the findings previously reported for the infinite lattice dispersion plots. Indeed, high stiffness ratios enable attenuation of the displacement but not of the acceleration signal, while low stiffness ratios bear an inverse effect. This behaviour may be attributed to the looseness/rigidity of the connectivity of the external mass. In particular, low external stiffness would essentially decouple the far-most external mass from the acting excitation, resulting in low accelerations, but high relative displacements. To the contrary, higher stiffness ratios correspond to a more rigid force transmission, and thus increased acceleration levels, albeit at the benefit of low relative displacements. From a practical point of view, mitigation of the absolute acceleration of the far-most unit cell should be ensured, as it is directly related to the force transmitted to the structure to be protected. However, the requirement for high relative displacement poses limitations to the unit cell design, as well as the construction of the metastructure. In this section, a time domain investigation of the finite lattice system is carried out. This allows for further interpretation of the transient response of the system, which provides a valuable insight into the character of the attenuation achieved. Additionally, to the random harmonic excitation inputs described in Section 4, a sample earthquake excitation is utilised, namely the El Centro (1940) earthquake. Figure 19 (a) illustrates the time domain representation of the earthquake input, along with the power spectral density (PSD) of the earthquake obtained using Welch's overlapped segment averaging estimator [Figure 19(b) ]. As the spectral plot reveals, the content of the earthquake input primarily lies in the low frequency range, but additionally includes peaks outside the targeted [0.5] Hz band, within which the designed systems effectively operate. 
1D finite chain
The assumed system characteristics may once again be retrieved from Table 3 . A damping ratio of ζ i = 0.01 is adopted for the numerical analysis. The response plots in Figure 20 demonstrate effective attenuation of the band gap specific excitation (upper plot), however, the response actually increases for the El Centro excitation (lower plot). The time domain acceleration response of the far-most external mass, plotted in Figure 20 , indicates successful attenuation of the band-gap specific excitation inputs, albeit amplification of the response arises for the case of the El Centro excitation. This result is in fact expected, since the designs proposed herein feature uniform unit cell properties across the lattice systems, with each one targeting a specific frequency range. For effective mitigation, the finite lattice design should be further extended to include diverse unit cell properties, targeting a broader input frequency content, as is the case for actual ground motions.
2D finite lattice
The parameters for the 2D analysis correspond to those summarised in Table 3 , with a damping ratio ζ i = 0.01 once again adopted. The analysis is limited to the 1st band-gap, for two different incident angle instances α u and the acceleration response of the farm-most external mass is plotted in the time domain. As observed in Figure 21 , the observations from the 1D case are extended to this case as well. 
Conclusions and discussion
The goal of this project lies in assessing the potential of periodically arranged unit cells, in the form of soil embedded barriers, with the purpose of mitigating seismic ground motion. To this end, development of periodic finite lattice structures is sought featuring frequency band-gaps lying in the low frequency range. As seismic input calls for a bandgap design in the [0.5, 5.0] Hz range, this study investigates the required relations among the structural parameters of mass-in-mass unit cell lattices in both the 1D and 2D space. Bloch's theory is adopted for a preliminary analysis on the infinite lattice system, delivering an analytical approach to the problem, while classical vibration analysis is further carried out for inferring the response of the finite lattice case, which better corresponds to an actual setting. A novel unit cell conceptual configuration is proposed, which introduces a discrete, rather than a continuous, realisation of elastic elements and promotes the use of tendons instead of a surrounding medium. The unit cell includes a core of dense mass, which is suspended to the thin shell of an external element using properly stressed and geometrically distributed tendons. The proposed design features low-cost and directly available materials, such as steel, concrete and silicon rubber. The analysis reveals the following benefits and limitations:
• It is demonstrated that appropriate selection of the chosen unit cell properties indeed succeeds in mitigating the structural vibration of the protected system, when the input excitation is characterised by a frequency content lying within the targeted low frequency band-gaps ([0.5, 5 .0] Hz).
• The external to internal stiffness ratio k ex / k int is revealed as a critical design parameter. High stiffness ratios result in attenuation of displacement but not of acceleration response, whilst low-stiffness ratios impose the inverse effect. Low external stiffness essentially results in decoupling of the far-most external mass from the acting excitation, yielding low accelerations, but high relative displacements. The latter poses limitations with respect to constructability of the system. To the contrary, higher stiffness ratios correspond to a more rigid force transmission yielding increased acceleration levels, but low relative displacements. This ratio is therefore key in ensuring sufficient attenuation of the acceleration response, while maintaining feasible and low-cost designs.
• While, as aforementioned, adoption of uniform unit cell properties ensures mitigation for the spectral components of the input lying within the band-gaps, it further results in potential amplification of components lying outside these band-gaps. This is an important limitation, particularly since seismic input is considered, which features a diverse spectral content, which is unknown a-priori. This amplification may however be tackled, firstly via use of complementary damping mechanisms, e.g., combination of a metastructure with seismic isolation, and secondly via adoption of a more diverse, i.e., non-uniform lattice design.
This work offers a preliminary and fundamental analysis for characterising metastructure systems, and further proposes a candidate unit cell configuration. Results reveal significant potential to this approach and necessitate further investigation with respect to a number of scientific and technological considerations. The authors currently investigate issues pertaining to scalability, construction requirements, and additionally quantification of the level of attenuation which may be achieved. Further periodic designs and lattice configurations are currently under examination, with particular focus on the widening of the frequency band-gap, in accordance to the approach investigated in the work of Krödel et al. (2015) . An experimental investigation is currently underway for corroborating these initial observations in a laboratory setting.
